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Abstract 
In this study, the residual stress relaxation behaviour occurring during low-cycle fatigue in shot-peened 
specimens with either a flat or a notched geometry has been studied. A representative low-pressure steam turbine 
material, FV448, was used. The residual stress and strain hardening profiles caused by shot peening were 
measured experimentally and were then incorporated into a finite element model. By allowing for both effects 
of shot peening, the residual stress relaxation behaviour was successfully simulated using this model and 
correlated well with the experimental data. Although more modelling work may be required to simulate the 
interaction between shot peening effects and external loads in a range of notched geometries, the model 
predictions are consistent with the specimens tested in the current study.  The novelty of this study lies in the 
development of such a modelling approach which can be used to effectively simulate the complex interaction 
between shot peening effects and external loads in notched regions. Compared with the un-notched geometry, 
the notched geometry was found to be more effective in retaining the improvement in fatigue life resulting from 
shot peening, by restricting the compressive residual stress relaxation during fatigue loading. 
Keywords: Shot peening, Eigenstrain, Residual stress relaxation, Finite element modelling 
Nomenclature 
𝒂, 𝒂𝒌  = backstress tensor 
𝑏, 𝑄∞  = parameters of the isotropic hardening component 
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𝐶𝑖   = coefficients of Chebyshev polynomials 
E = Young’s modulus 
𝑓(𝝈 − 𝒂)  = equivalent Mises stress 
𝐾𝑡  = stress concentration factor 
𝑁  = number of Chebyshev polynomials 
𝑅𝑎  = arithmetic average roughness 
𝑇𝑖  = Chebyshev polynomials 
EBSD = electron backscatter diffraction 
FE = finite element 
HCF = high-cycle fatigue 
LCF = low-cycle fatigue 
XRD = X-ray diffraction 
𝛾𝑘 , 𝐶𝑘  = parameters of the kinematic hardening component 
∆𝜀𝑥𝑥  = longitudinal strain range 
?̇?𝒑𝒍  = plastic strain rate component 
𝜀?̅?𝑙   = equivalent plastic strain 
𝜀?̅?𝑙̇   = equivalent plastic strain rate 
𝜀𝑥𝑥  = longitudinal strain component 
𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
, 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 𝑎𝑛𝑑 𝜀𝑧𝑧
𝑒𝑖𝑔𝑒𝑛
  = eigenstrain components for flat geometries 
𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
, 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 𝑎𝑛𝑑 𝜀𝑟
𝑒𝑖𝑔𝑒𝑛
   = eigenstrain components for flat geometries 
𝑣  = Poisson's ratio 
𝜎0.2  = 0.2% proof stress 
𝜎0  = size of the yield surface 
𝜎𝑛𝑜𝑚  = nominal stress 
𝜎𝑥𝑥  = longitudinal stress component 
𝜎𝑥𝑥𝑖
𝐹𝐸   = Individual residual stress modelling results using Chebyshev 
polynomials   
𝜎𝑦𝑦  = transverse stress component 
1. Introduction 
Shot peening is a surface treatment which is commonly used in a range of engineering applications to increase 
the fatigue resistance of metallic components containing stress concentration features, such as the fir-tree blade-
disc interface in turbines. During the shot peening process, the surface of the workpiece is bombarded by a 
stream of small spherical shots acting as tiny peening hammers, producing inhomogeneous plastic deformation 
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near the surface. This process typically induces increased surface roughness, strain hardening and compressive 
residual stresses within the surface layer 1, 2.  
Many investigations have focused on the effects of shot peening on fatigue behaviour in different systems 3-5. 
Based on these previous studies, it can be concluded that surface roughness has a detrimental influence on the 
fatigue resistance of components 3 while compressive residual stresses and strain hardening contribute to 
improvement in fatigue resistance 3-5. The overall influence of shot peening on fatigue can be attributed to the 
combined effects of all these factors, but the beneficial effects of compressive residual stresses and strain 
hardening usually play a dominant role when surface roughness 𝑅𝑎 < 5 𝜇𝑚 
6. In order to more accurately 
predict the fatigue life of shot-peened components, it is important to investigate the interaction between these 
shot peening induced effects and the service conditions, especially in stress concentration areas where the effects 
of shot peening are most difficult to predict. 
During low-cycle fatigue loading, residual stress relaxation usually occurs, which may reduce the benefits of 
shot peening in improving fatigue life. Generally, the most significant residual stress relaxation induced by 
mechanical loading is observed during the first cycle, when the superposition of the applied and residual stresses 
exceeds the local yield strength, causing plastic deformation 7, 8. This is regarded as quasi-static relaxation which 
is affected by the monotonic yield strength of the material. In subsequent cycles, residual stress relaxation 
depends on the cyclic yield strength and usually exhibits a linear reduction with the logarithm of the number of 
cycles 7, 9. In order to include the effects of residual stresses into life assessment methods, an efficient way to 
accurately predict the relaxation behaviour is required. 
Finite element (FE) modelling has been shown to be powerful in evaluating the effects of shot peening and laser 
shock peening on fatigue life 8, 10-13. As a necessary first step, the initial residual stress field before fatigue 
loading has to be reconstructed in the FE model. To date, one of the most successful modelling methods to 
achieve this is the eigenstrain approach 8, 10, 12-14. The eigenstrain is defined as the “permanent misfit strain acting 
as the perturbation that causes the material to respond elastically to achieve a stress-equilibrium state within the 
component, thus generating residual stresses”.  
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Previous studies 11, 13 have demonstrated that for the same material, as long as the sample is at least four times 
thicker than the depth of the eigenstrain distribution, the eigenstrain is predominantly a characteristic of the 
peening process and is largely independent of the sample geometry. Unlike residual stresses, the eigenstrain can 
therefore be transferred between different geometries which are treated with the same shot peening process. It 
is noteworthy that relatively simple geometries (such as plates and blocks), where there is no significant change 
between the samples studied, were used in 11, 13. Coratella et al. 15 further validated this transferability from a 
flat, planar surface to curved surfaces. However, in more complex geometries (such as the notched geometry 
with high stress concentration studied here), this may be less reasonable since the eigenstrain distribution 
introduced by the peening process is likely to be affected by changes in the component geometry. Dewald and 
Hill 16 suggested that this effect should be accounted for in the eigenstrain approach in order to improve the 
accuracy of residual stress reconstruction. Nevertheless, it is still very difficult to accurately predict the effects 
of complex geometries on eigenstrain components during the peening process. Therefore, application of the 
eigenstrain approach to simulate the residual stress field in shot/laser-peened components with complex 
geometries is still very limited. This has restricted a wider application of the eigenstrain approach in residual 
stress modelling. Since shot peening is often applied to stress concentration areas (such as fir tree blade 
connectors) in service, this is a significant drawback that should be addressed. 
The authors have previously presented 17 the logic of an eigenstrains-based finite element modelling of residual 
stresses and the relaxation of residual stress in a shot-peened flat geometry.  The work presented in the paper is 
limited to a single geometry and a simple material model (i.e. an isotropic hardening model). The current paper 
extends the previous work and shows the application of the technique to model residual stress distribution and 
stress relaxation during fatigue of complex notched geometries which are representative of real-life applications. 
The novelty of the work also includes modelling the complex interaction between the geometry and the applied 
loads. A combined isotropic/kinematic material model, which is more representative of the material behaviour 
of the material used in the experiments (FV448), has also been used in the modelling work. A sensitivity analysis 
has also been carried out in the current paper to study the effect of uncertainty of the input data on model 
predictions.  To the best of the authors’ knowledge, accurate simulations of residual stress relaxation occurring 
during fatigue in shot-peened notched samples have not been reported previously. 
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As a starting point, a shot-peened flat geometry was modelled and the modelling results were validated against 
experimental results. The experimental results of residual stress and strain hardening data were used in the 
current modelling framework to obtain input data for FE analyses. Once the modelling technique has been 
validated for the simple flat geometry, the model has then been extended to analyse the notched geometries. It 
should be noted that no attempt is made in the current paper to compare the flat geometry and notched geometry 
due to the lack of practical relevance since flat geometries are not commonly peened in practice. The flowchart 
illustrating the modelling procedure is shown in Fig. 1. In the first step, two 3-D FE models (a flat and a notched 
model) without shot peening (SP) effects were developed using ABAQUS/Standard (v6.13). An elasto-plastic 
material model representative of the monotonic mechanical properties of FV448 was also developed and was 
incorporated into the FE models. These preliminary models were validated by a test measuring the strain 
evolution in safety-critical regions during fatigue loading using strain gauges. Then, an inverse eigenstrain 
method 12, 14, which was based on the elastic behaviour of the material, was used to determine the eigenstrain 
distribution caused by shot peening in flat samples. The determined eigenstrain profile was incorporated into 
the FE models as the source of residual stresses. The application of this residual stress modelling approach has 
also been extended to the notched case by considering the effects of the notched geometry on eigenstrain profiles. 
Furthermore, to account for the shot-peening-induced strain hardening effects, varying mechanical properties 
have been defined for the material within the surface layer in the FE model. This has been achieved by defining 
the initial condition (plastic strain caused by shot peening) of the elasto-plastic material model at different depths, 
based on measurements from an electron back-scatter diffraction (EBSD) based approach. Finally, the residual 
stress relaxation behaviour occurring during fatigue in both un-notched and notched specimens was investigated 
using the developed FE model, and also compared with corresponding experimental results measured by XRD. 
2.  Experimental program 
2.1. Material 
The material under investigation is FV448, a 9-12 %Cr tempered martensitic steel which is representative of 
the type of material used in low-pressure turbine blades. This barstock material was austenitised at 1150˚C, oil 
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quenched, tempered at 650˚C and then air cooled. The microstructure and composition of this material have 
been detailed in 2.  
2.2. Specimen 
2.2.1. Specimens used for shot peening treatments 
As shown in Fig. 2, two types of specimens with different geometries have been used in this study: a plain bend 
bar with a flat geometry and a U-notched sample (stress concentration factor, 𝐾𝑡 = 1.58) representing the fir 
tree root geometry of a turbine blade. 𝐾𝑡 was calculated by comparing the stress parallel to the tensile axis, 𝜎𝑥𝑥 
(predicted from an elastic FE analysis using a model without shot peening effects) with the equivalent elastic 
stress calculated using simple beam theory. 
Two shot peening treatments were used in this study. MI230R 13A 200% (intensity: 13A, coverage: 200%), 
labelled as T0, was chosen as the baseline shot peening treatment since it is industrially applied to steam turbine 
blades. Another process, MI110R 04A 200% (intensity: 4A, coverage: 200%), labelled as T1, was considered 
as a comparison. The T0 process was applied to both the plain and notched samples while the T1 process was 
only applied to the plain sample owing to time constraints. All the shot peening treatments were carried out by 
Metal Improvement Company Derby Division. 
2.2.2. Specimens used for validating the preliminary FE model 
As indicated in Fig. 1, the preliminary FE model (before shot peening effects are included) has to be 
experimentally validated. To achieve this, some ground samples were electropolished instead of being shot-
peened to remove the surface layer affected by the grinding process (~ 200 µm). These electropolished samples 
were used to carry out validation tests measuring the strain evolution in safety-critical regions during fatigue 
loading, which was then used to validate the counterparts predicted by the preliminary FE model. In order to 
more conveniently attach the strain gauge to the notch root, a larger notched specimen was used as shown in 
Fig. 2(c). Dimensions of the plain sample used in this validation test were as shown in Fig. 2(a). 
2.3. Residual stress measurements 
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The residual stress distribution caused by shot peening was determined by the sin2 𝜓 method using the X-ray 
diffraction (XRD) technique with a Cr-Kα X-ray source. The measurements were taken on the {211} diffraction 
peak at a 2𝜃 angle of 156.4°. A collimator of 1 mm diameter was used for residual stress measurements taken 
on the plain sample. In order to minimise the error associated with taking residual stress measurements on a 
curved surface, a collimator of 0.5 mm diameter was used for the notched sample. The residual stress data were 
collected in two orthogonal directions (𝜎𝑥𝑥 and 𝜎𝑦𝑦) in the centre of the top surface of the plain sample, and at 
the notch root of the notched sample. An incremental layer removal method achieved by electropolishing was 
used to characterise the residual stress profile in the depth (z) direction.  
To evaluate the residual stress relaxation behaviour, the residual stress distribution was determined at different 
total life fractions (after 1 cycle and at estimated 50% life, at a load ratio R = 0.1) in the T0 shot-peened samples. 
3- and 4-point bend tests were carried out on a servo-hydraulic Instron 8502 for the notched and plain specimens 
with a loading span of 15 mm, as shown in Fig. 2.  All the tests were carried out at room temperature since the 
maximum service temperature in LP turbines is ~ 250˚C which is below the creep regime of FV448 and hence 
behaviour at room temperature was believed to be reasonably representative of service conditions 18. 
2.4. Strain evolution measurements during fatigue loading 
The aim of this test, using electropolished samples, was to experimentally validate the preliminary FE model 
without shot peening effects. The longitudinal strain (𝜀𝑥𝑥) evolution in the centre of the plain bend bar top 
surface and at the notch root of the notched specimen during fatigue loading was measured using strain gauges. 
A strain gauge with a gauge length of 3.18 mm and a strain range of ±5% was selected for the plain sample. For 
the notched sample, in order to reduce the measurement error caused by the curvature, a strain gauge with a 
gauge length of 0.38 mm and a strain range of ±3% was selected. Both types of strain gauge were supplied by 
Vishay Precision Group. 
3.  Experimental results 
3.1. Residual stress profiles in the as-peened condition 
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Fig. 3(a) shows the measured residual stress distributions in the plain specimens. Although the T1 process results 
in a shallower compressive residual stress layer (~ 0.19 mm) than the T0 process (~ 0.35 mm) owing to its lower 
peening intensity, it seems that the maximum stress magnitude is independent of the peening intensity for these 
conditions. This observation is consistent with the results reported in 19, which found that simply increasing the 
peening intensity may not necessarily increase the peak compressive residual stress magnitude if it is already 
close to the local yield strength. In addition, there is no significant difference between the 𝜎𝑥𝑥 and 𝜎𝑦𝑦 profiles 
in the plain specimen for either peening condition. In contrast, in the T0 shot-peened notched sample, 𝜎𝑥𝑥 
appears to be ~ 16% more compressive than 𝜎𝑦𝑦, as shown in Fig. 3(b). However, the depth of the compressive 
residual stress layer seems unaffected by the notched geometry, remaining the same as in the T0 plain specimen. 
The measurement error was determined by calculating the sample standard deviation over 5 bi-directional 
measurements (10 data points) at different locations on the uncycled shot-peened plain sample; the 95% 
confidence range was ±50 MPa 18. Owing to time constraints and equipment availability, this was assumed to 
be the confidence range within which all data could be quoted rather than carrying out extensively repeated 
measurements for each sample. 
3.2. Residual stress relaxation 
The T0 plain samples were loaded for 1 cycle in this test. The corresponding surface strain ranges (∆𝜀𝑥𝑥) were 
predicted using the developed FE model including shot peening effects and are detailed in Section 4. In order 
to investigate the link between residual stress relaxation and the retention of the benefits of shot peening, two 
load levels with ∆𝜀𝑥𝑥 = 0.42% and 0.55% were chosen based on the corresponding total life reported in 
20. 
Compared with the un-peened samples, the T0 process showed no clear benefits in improving fatigue life when 
∆𝜀𝑥𝑥 = 0.55% but doubled the fatigue life when ∆𝜀𝑥𝑥 = 0.42%. The measured residual stresses shown in Fig. 
4 indicate that no clear relaxation is observed when ∆𝜀𝑥𝑥 = 0.42% but a 30-40% stress relief occurs in both 
directions (𝜎𝑥𝑥 and 𝜎𝑦𝑦) when ∆𝜀𝑥𝑥 = 0.55%. 
The T0 notched samples were loaded with an estimated notch root strain range of ∆𝜀𝑥𝑥 = 0.69%. This value 
was chosen also because the fatigue life of the un-peened notched sample was found to be doubled by the T0 
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process at this load level 18. As shown in Fig. 5, there is no clear relaxation of 𝜎𝑥𝑥 after neither 1 loading cycle 
nor after 50% total life, which is in contrast to the results of the plain specimen. However, there is a 20% 
relaxation of 𝜎𝑦𝑦 during the first cycle but no further relaxation can be seen in subsequent cycles. 
4. Numerical modelling and discussion 
4.1. Material model 
A combined nonlinear hardening material model proposed by Chaboche 21 has been chosen in this study to 
describe the mechanical properties of the FV448 steel. This constitutive model has been widely applied and has 
been demonstrated to be robust in describing the mechanical properties of the material 8, 22. It consists of two 
hardening components: isotropic and kinematic. The isotropic component is used to indicate the size of the yield 
surface (𝜎0). The kinematic component describes the position of the yield surface in terms of the backstress (𝒂), 
considering the Bauschinger effect.  
In this model, the yield surface is defined by Equation 1, where 𝑓(𝝈 − 𝒂) is the equivalent Mises stress; 𝐹 < 0 
indicates the elastic domain and plastic flow takes place if 𝐹 ≥ 0. Equation 2 describes the calculation of the 
equivalent plastic strain rate, 𝜀?̅?𝑙̇ , using the plastic strain rate component, ?̇?𝒑𝒍. The isotropic and kinematic 
components are expressed by Equations 3 and 4 respectively: 
𝐹 = 𝑓(𝝈 − 𝒂) − 𝜎0                                               (1) 
𝜀?̅?𝑙̇ = √(
2
3
) ?̇?𝒑𝒍: ?̇?𝒑𝒍                                                (2) 
𝜎0 = 𝜎|0 + 𝑄∞ (1 − 𝑒
−𝑏?̅?𝑝𝑙)                                (3) 
?̇?𝒌 =
2
3
𝐶𝑘?̇?
𝒑𝒍 − 𝛾𝑘𝒂𝒌|𝜀?̅?𝑙̇ |,        𝒂 = ∑ 𝒂𝒌
𝑁
𝑁−1        (4) 
where 𝑄∞ is the maximum change in 𝜎
0 and 𝑏 defines the rate at which the yield surface changes with the 
development of 𝜀?̅?𝑙. 𝑁 is the total number of backstresses. 𝐶𝑘 is the initial kinematic hardening moduli and 𝛾𝑘 
determines the decreasing rate of the kinematic hardening moduli with increasing 𝜀?̅?𝑙.  
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In the present study, the calibration of the material model is based on the monotonic stress-strain relationship 
of FV448. This simplification was applied for two reasons: firstly, residual stress relaxation has been observed 
to be most significant during quasi-static loading in different systems 7, 8, 18, so an accurate simulation of the first 
cycle is particularly important; secondly, there is no clear logarithmic reduction in stress with increasing fatigue 
cycles in the investigated notched samples owing to the high constraint exerted by the notched geometry 
(relevant results are shown and explained in detail in Section 4.2). Hence, a previously determined Ramberg-
Osgood model 18, 23 representative of the monotonic stress-strain relation of FV448 was used to identify the 
material parameters in Equations 3 and 4. In order to achieve a satisfactory modelling outcome, two kinematic 
components were used and one of which was linear 21. Relevant calibrated parameters of this combined material 
model are given in Table 1.  
4.2. FE models  
Taking advantage of the symmetry, a quarter of the specimen was modelled using 20-node reduced integration 
3-D brick elements, as shown in Fig. 6. The mesh near the surface region has been particularly refined (25-50 
µm in thickness, element aspect ratio < 5) in order to better reproduce the stress and strain gradients within the 
shot peening affected layer. 
Before shot peening effects were considered, the preliminary FE models without shot peening effects were 
validated against the experimentally measured strain evolutions in the electropolished plain (∆𝜀𝑥𝑥 = 0.65%) 
and notched samples (∆𝜀𝑥𝑥 = 0.69%) during fatigue loading, as described in Section 2.4. Relevant results are 
illustrated in Fig. 7, where the nominal stress, 𝜎𝑛𝑜𝑚, was determined using simple beam theory to indicate the 
load level. According to the experimental results, ratcheting occurred in the plain sample until stabilisation was 
achieved after ~30 cycles, as illustrated in Fig. 7(a). In contrast, elastic shakedown was observed in the notched 
sample as shown in Fig. 7(b), with no clear plastic deformation beyond the first cycle. This, to some degree, 
explains why residual stress relaxation is confined to the first cycle in the notched sample as shown in Fig. 5: 
no further plastic deformation implies that the plastic misfit distribution remains unchanged during subsequent 
cycles.  
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In the modelling work, only one cycle was simulated, as cyclic mechanical properties were not considered by 
the current material model. As can be seen from Fig. 7, a good correlation between the experimental and 
modelling results is shown when 𝜀𝑥𝑥 < 1.5% in the plain bar, and when 𝜀𝑥𝑥 < 0.8% in the notched geometry. 
Beyond this range strain hardening is slightly overestimated by the model, which may be attributed to the 
measurement errors in the experiments and/or the limitation of the assumed material model. However, the 
discrepancy between the FE modelling and experiments at high strains is not critical to the results presented in 
the current paper since the applied load range in the flat and the notched geometries analysed in the current 
study are well covered by this experimental validation. Thus, although the ratcheting behaviour was not 
predicted, this model seems an appropriate starting point to simulate the quasi-static stress-strain evolution 
within the first cycle, especially for the notched specimen where cyclic effects are not evident. 
4.3. Modelling the initial residual stress field caused by shot peening 
Modelling the initial residual stress field caused by shot peening is an essential prerequisite to analysing residual 
stress relaxation during fatigue loading. The full residual stress field can be reconstructed by applying a stress-
equilibrium step in the model containing eigenstrain. The eigenstrain can be conveniently incorporated into the 
FE model by specifying anisotropic thermal expansion coefficients that vary with position, together with a 
uniform (unit) temperature rise 12. Since the eigenstrain profile is usually unknown and difficult to directly 
predict, the inverse eigenstrain approach developed by Korsunsky et al. 24 was implemented. It is essentially an 
approach to back-fit the eigenstrain distribution from the known residual stress (or residual elastic strain) 
distribution determined by experimental measurements (e.g. XRD). This analysis requires a choice of a suitable 
parametric expression to describe the eigenstrain distribution. Once an accurate estimate of the eigenstrain 
profile is established, the complete residual stress field in the whole component can be determined in the usual 
way. The advantage of this approach is that the elastic response of the workpiece to the eigenstrain will satisfy 
equilibrium, compatibility and boundary conditions, and the residual stress field produced will be entirely self-
consistent.  
In the current study, the objective is to demonstrate how compressive residual stress profiles, either measured 
or predicted using appropriate empirical or analytical techniques, can be incorporated into FE models and to 
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predict the complete initial residual stress distribution and, most significantly, any changes to it under fatigue 
loading. Hence the complexities associated with dynamic modelling (such as the strain rate dependency of the 
target material, the material and size of shots, the contact property of the peened surface, etc.) were not 
considered in this work. It is reasonable to employ a linear elastic model with properties broadly representative 
of FV448 (Young's modulus E = 201.3GPa; Poisson's ratio 𝑣 = 0.3) in the inverse eigenstrain analysis. However, 
it should be noted that the elasto-plastic material introduced in Section 4.1 has to be used in subsequent residual 
stress relaxation analysis. This inverse eigenstrain approach was first applied to the plain sample and then its 
application was extended to the notched sample. 
4.3.1. Modelling plain samples 
In simple geometries such as the plain sample, the eigenstrain distribution is usually assumed to be equi-biaxial 
owing to the non-directional nature of the plastic deformation induced by the shot peening process. This 
assumption has been adopted in the present work to determine the in-plane principle eigenstrain components; 
𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
= 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
. Considering volume conservation in plastic deformation, the third principal component 
perpendicular to the peened surface has been defined as 𝜀𝑧𝑧
𝑒𝑖𝑔𝑒𝑛
= −2𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
. In the present study, Chebyshev 
polynomials have been adopted to describe the eigenstrain profile as introduced in 12. 𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
 is assumed to vary 
with depth (z) and is expressed as a linear combination of Chebyshev polynomials 𝑇𝑖(𝑧) multiplied by unknown 
coefficients 𝐶𝑖 , as described by Equation 5, where 𝑁 is the number of polynomials. The values of 𝐶𝑖  were 
determined by minimising the difference between the experimentally measured residual stress data 𝜎𝑥𝑥(𝑧) and 
the weighted sum of individual modelling results 𝜎𝑥𝑥𝑖
𝐹𝐸 (𝑧) obtained as an elastic response to each eigenstrain 
base function 𝑇𝑖(𝑧), as expressed by Equation 6 where 𝑚 is the number of experimental data points. It has been 
proved that, providing the selections are physically reasonable, the best-estimated eigenstrain profile is largely 
independent of 𝑁 and the assumed depth of the eigenstrain profile 12.  
𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛(𝑧) = ∑ 𝐶𝑖𝑇𝑖(𝑧)
𝑁−1
𝑖=0                                                  (5) 
𝑚𝑖𝑛(𝐽) = ∑ [𝜎𝑥𝑥(𝑧) − ∑ 𝐶𝑖𝜎𝑥𝑥𝑖
𝐹𝐸 (𝑧)𝑁−1𝑖=0 ]
2𝑚
𝑗=1                   (6) 
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Based on previous findings 17, 𝑁 = 8 has been chosen for the T0 process and the corresponding depth of the 
eigenstrain distribution has been assumed to be 0.4 mm. Using the same approach, 𝑁 = 4 and a eigenstrain 
depth of 0.2 mm were determined for the T1 process. Fig. 8 (a) and (c) show the best-estimated depth profile of 
𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
 for the T0 and T1 process respectively. Based on the obtained eigenstrain profiles, the modelled residual 
stresses in the shot-peened plain samples are shown in Fig. 8 (b) and (d) accordingly. Compared with 
corresponding experimental data, it is evident that both 𝜎𝑥𝑥  and 𝜎𝑦𝑦  distributions have been accurately 
modelled for the two different shot peening conditions. 
4.3.2. Modelling notched samples 
In the modelling work for the notched sample, 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
 (tangential to the notch curvature) and 𝜀𝑟
𝑒𝑖𝑔𝑒𝑛
 
(perpendicular to the notch curvature) have been used as new principal eigenstrain components instead of 𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
 
and 𝜀𝑧𝑧
𝑒𝑖𝑔𝑒𝑛
. Another principal component is still defined as 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 (in the transverse direction). Considering the 
residual stress data presented in this paper for notched samples were collected at the notch root, for consistency 
with the experimental data shown in Fig. 3 – 5, the residual stress in the longitudinal direction is still presented 
as 𝜎𝑥𝑥. 
As discussed previously, the eigenstrain distribution may be affected by the geometry of the sample. This effect 
has to be properly accounted for in order to more accurately model the residual stress field. Anoop et al. 25 
indicated that the same peening condition would induce less surface stretching in convex geometries than in flat 
geometries. In contrast, more stretching near the peened surface would be expected in concave geometries, 
leading to a greater misfit layer and thus a greater compressive residual stress, which is consistent with the 
results obtained in the present work as shown in Fig. 3. Hence, directly using the equi-biaxial eigenstrain 
distribution (𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
= 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 as shown in Fig. 9 (a), 𝜀𝑟
𝑒𝑖𝑔𝑒𝑛
= −2𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
) determined from the simple geometry 
may result in an inaccurate reconstruction of the residual stress field in complex geometries even though the 
same shot peening process was applied. This hypothesis is confirmed by Fig. 9 (b), which shows a 25-30% 
underestimation of 𝜎𝑥𝑥  in the T0 notched sample by directly using the equi-biaxial eigenstrain profiles 
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determined from the T0 plain sample. Other examples showing unsatisfactory modelling results using similar 
assumptions can be found in 16, 26.  
In the notched sample, since more stretching is expected to occur along the notch curvature during the shot 
peening process, the assumption 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
= 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 seems less reasonable. So a more accurate simulation can be 
expected if 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
 and 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 can be predicted individually rather than simply assuming an equi-biaxial state 
(𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
= 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
). However, it is noted that the conventional inverse eigenstrain method is simply a 1-D solution 
and evaluating two eigenstrain components simultaneously is non-trivial for the least square analysis. In order 
to solve this problem, 𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 in the notched sample has been assumed to be identical to that in the plain sample 
subjected to the same shot peening process, as shown in Fig. 8. It is anticipated that  𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
 is much less affected 
by the curved geometry than 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
. A detailed study of the stress concentration in the yy direction of the 
notched samples is beyond the scope of the current paper. For simplicity, no stress concentration feature in the 
transverse direction of the notch is assumed in the current modelling work. Based on this assumption, the 
problem was degraded to 1-D. Then the inverse eigenstrain approach was implemented again to predict 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
.  
𝜀𝑟
𝑒𝑖𝑔𝑒𝑛
 can be determined using the relation 𝜀𝑟
𝑒𝑖𝑔𝑒𝑛
= – (𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
+𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
) considering volume conservation in 
plastic deformation. Although there may be some stress concentration effect in the transverse direction, it is 
likely that the inverse eigenstrain analysis used in the current modelling work will to some extent counter any 
effect due to the relatively low stress concentration in the transverse direction.  As it can be seen from the results 
presented in this paper, the model predictions are at least consistent with the experimental results of the test 
specimens analysed in the current paper.  
Fig. 9 (c) shows the predicted biaxial eigenstrain profiles for the T0 notched specimen; 𝜀𝜃
𝑒𝑖𝑔𝑒𝑛
 is ~1.58 times 
𝜀𝑦𝑦
𝑒𝑖𝑔𝑒𝑛
, demonstrating more stretching along the notch curvature as expected. The subsequent residual stress 
modelling results are presented in Fig. 9 (d), which shows a good correlation with experimental data. It is 
noteworthy that 1.58 is consistent with the 𝐾𝑡 value of this notched sample, which implies a relation between 
the eigenstrain components and the notched geometry. However, the consistency between the Kt and the strain 
ratio needs a further validation because it could be regarded as only a coincidence rather than a physical 
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correlation. A detailed analysis of the interaction between shot peening and the geometry of a range of practical 
peening applications is beyond the scope of the current paper since the primary objective of the current paper is 
to predict the stress relaxation in the notched geometry considered in the study. 
4.4. Modelling the strain hardening effects caused by shot peening 
Since the surface layer is usually strain hardened by the shot peening process, it is necessary to incorporate its 
effects into the FE model in addition to the compressive residual stress effects. Neglecting the strain hardening 
effects will potentially degrade the accuracy of the simulated residual stress relaxation, thus reducing the 
accuracy of the developed life assessment method. 
EBSD local misorientation data were used to evaluate the plastic strain distribution caused by shot peening, as 
detailed in 2. This evaluation was based on a linear relation between the true plastic strain and the kernel average 
misorientation (KAM). This relation was obtained by calibration based on uniaxial tension and compression 
tests experiencing known strain hardening levels. Fig. 10 shows the predicted true plastic strain profiles caused 
by the T0 and T1 shot peening processes respectively. This plastic strain profile was incorporated into the FE 
model as an initial condition of the material model before the loading step. Thus the size of the yield surface 𝜎0 
(Equation 3) and backstresses 𝒂𝒌 (Equation 4) at different depths can be modified according to the incorporated 
plastic strain profile.  
4.5. Modelling residual stress relaxation due to service loading 
After incorporating the effects of the residual stress and strain hardening induced by shot peening into the FE 
model, a load step was defined to simulate the experimental fatigue load. Only one load cycle was simulated as 
cyclic mechanical properties were not considered in the applied material model. As shown in Fig. 11, good 
correlation between the simulated and the experimental results was obtained for both the T0 plain and notched 
samples. This validates the modelling techniques applied in the present study.  
According to previous work 10, 27, shot-peened components preferentially show more notable residual stress 
relaxation in the direction parallel to the load (the longitudinal direction) than in the direction perpendicular to 
the load (the transverse direction) under uniaxial loading or reverse bending tests. In addition, it has also been 
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found that if a higher load was applied, more significant relaxation was normally expected since greater local 
plastic deformation will lead to more reduction in the plastic misfit (i.e. the eigenstrain). In order to investigate 
the residual stress relaxation behaviour in the current system, the quasi-static relaxation in both flat and notched 
specimens has also been simulated at different load levels using the FE model. 
The simulated results for the T0 plain sample are shown in Fig. 11 (a) and (b). As expected, the compressive 
residual stress relaxation in both directions becomes more significant with increasing load. Nevertheless, 𝜎𝑥𝑥 is 
much less relaxed than 𝜎𝑦𝑦 and the depth of the compressive residual stress profile is extended, which seems 
contradictory to the conclusions drawn by other researchers 9, 27. In fact this is not surprising in the 3- or 4-point 
bend case: the inhomogeneous plastic deformation generated by the bending process itself develops a 
compressive residual stress layer after unloading as a result of the constraint exerted by the elastically deformed 
material beneath. This process compensates for any compressive residual stress relief occurring in the loading 
(longitudinal) direction. This trend has been found to be more significant in the notched sample as shown in Fig. 
11 (c) and (d); there is no clear 𝜎𝑥𝑥 relaxation and the 𝜎𝑥𝑥 profile even becomes more compressive at the highest 
load level (∆𝜀𝑥𝑥  = 0.81%). This retention of compressive residual stress is thought to be a result of the high 
constraint exerted by the notched geometry. Hence, it seems that the notched geometry is more beneficial than 
the un-notched geometry in maintaining the benefits of shot peening during fatigue loading. This has been 
validated by the fatigue life data (even in the LCF regime) reported in 23.  
4.6. Sensitivity analysis 
Although the quasi-static residual stress relaxation can be reasonably predicted using the developed FE model, 
the prediction is highly dependent on the input data (i.e. the initial residual stress and strain hardening profiles) 
of the model. Errors in these experimentally determined input data are always inevitable, so a sensitivity analysis 
investigating how the accuracy of the input data affects the prediction was carried out. In this analysis, three 
varying eigenstrain and initial true plastic strain profiles were defined as shown in Table 2. The profiles with 
label b are the baseline profiles which have been used in the preceding analysis. The profiles with labels a and 
c represent the experimental error range reported in 2. The parametric analysis matrix is shown in Table 3, 
which aims to assess the relative importance of scatter in the initial residual stresses and strain hardening values 
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for the model. Analogous with the preceding modelling work, the plain and notched models with varying 
eigenstrain and initial true plastic strain profiles were loaded for 1 cycle. Then the simulated relaxed residual 
stresses based on these different initial starting points were compared. The results using the plain models are 
shown in Fig. 12; only the 𝜎𝑥𝑥 components are plotted for conciseness. The results for the notched models are 
omitted for brevity since very similar trends with the plain models were obtained. 
From Fig. 12 (a) and (c), it can be seen that the variation of the initial residual stress definition results in different 
stress distributions after 1 loading cycle. The difference caused by differing initial residual stress conditions can 
be as much as 100 MPa when ∆𝜀𝑥𝑥 = 0.42%; however, this difference decreases to 50 MPa when the load level 
is increased to give ∆𝜀𝑥𝑥 = 0.55%. Hence it can be concluded that the predicted residual stress relaxation is 
sensitive to the accuracy of the initial residual stress profile but this sensitivity tends to be less significant at 
high load levels when the effects caused by external loads are more dominant. 
In contrast, the effect of the scatter in the initial strain hardening profile is much less notable, according to Fig. 
12 (b) (d). As discussed in Section 4.1 and 4.4, strain hardening affects local material properties mainly by 
modifying the yield surface (𝜎0) and the backstresses (𝒂) in terms of the equivalent plastic strain (𝜀?̅?𝑙) as 
described by Equation 3 and 4. In the current case, in the area near the surface (depth < 0.1 mm) where the strain 
hardening effects are significant (0.02 < 𝜀?̅?𝑙 < 0.25), a 17% variation of the baseline strain hardening profile 
only results in a < 1.5% and < 6% difference in local 𝜎0 and 𝒂 respectively, which is insufficient to cause a 
significant change in the model response especially when the external load level is relatively low. 
In life assessment methods, consideration of residual stress relaxation is necessary. As a result of this, this 
sensitivity analysis will be extended to study the effects of the accuracy of the predicted residual stress relaxation 
on total life predictions in the companion Part II paper 28. According to the results presented in Fig. 12, most 
experimental data (especially those near the peened surface) are just within the range defined by this sensitivity 
analysis, which makes the extended study more meaningful. 
5. Conclusions 
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 An eigenstrain-based FE approach has been developed to predict the quasi-static residual stress relaxation 
in safety-critical shot-peened regions, taking the example of a stress-concentrating notch. The application 
of the conventional inverse eigenstrain method has been extended to a notched geometry. In this FE 
approach, the effects of strain hardening have also been accounted for by modifying the yield strength at 
different depths. In spite of the fact that more modelling work may be required to simulate the interaction 
between shot peening effects and external loads in a range of notched geometries, the FE approach 
developed in the current study has been demonstrated to be both accurate and efficient in evaluating the 
stress/strain status in safety-critical regions during fatigue loading, which will be especially helpful to the 
fatigue life prediction of shot-peened components.  
 Based on the modelling results, the notched geometry has been found to be more effective in the retention 
of compressive residual stresses than the un-notched geometry during fatigue loading. This explains why 
a greater benefit of shot peening in improving fatigue life was observed in the notched specimen than in 
the un-notched specimen.  
 The predicted residual stress relaxation using the developed model is more sensitive to the initial residual 
stress profile than to the initial strain hardening profile. So ensuring a good accuracy of the residual stress 
measurement in the as-peened condition is necessary. This sensitivity tends to be less significant at high 
loading levels when the effects of external loads dominate. 
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Tables 
Table 1: Material parameters representative of the monotonic mechanical properties of FV448. 
 
Table 2: Definition of the eigenstrain and the initial true plastic strain profiles used for the sensitivity analysis. 
 
Table 3: Matrix of the sensitivity analysis. 
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Figures 
 
Fig. 1: Flowchart of the modelling work. 
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Fig. 2: Dimensions of (a) the plain sample, (b) and (c) the U-notched sample in two sizes. 
 
Fig. 3: Residual stress distributions measured by XRD in the shot-peened (a) plain and (b) notched samples. 
After Soady et al. 18. 
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Fig. 4: Residual stress relaxation after 1 cycle in the T0 plain sample ∆𝜀𝑥𝑥.0.42% and 0.55%): (a) 𝜎𝑥𝑥 and (b) 
𝜎𝑦𝑦. 
 
Fig. 5: Residual stress relaxation at different total life fractions in the T0 notched sample (∆𝜀𝑥𝑥= 0.69%): (a) 
(a) 𝜎𝑥𝑥 and (b) 𝜎𝑦𝑦. After Soady et al. 
18. 
 
Fig. 6: FE models for the (a) plain and (b) U-notched samples. 
 
Fig. 7: Comparison between the strain evolution obtained by experiments and modelling in the un-peened (a) 
plain and (b) notched samples. 
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Fig. 8: Predicted eigenstrain profiles, 𝜀𝑥𝑥
𝑒𝑖𝑔𝑒𝑛
(𝑧), for the (a) T0 and (c) T1 processes and the comparison 
between the reconstructed and measured residual stress data in the (b) T0 and (d) T1 plain samples. 
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Fig. 9: A comparison between two eigenstrain assumptions in the T0 notched sample: (a) the equi-biaxial 
eigenstrain profiles and (b) the reconstructed residual stresses; (c) the predicted biaxial eigenstrain profiles 
and (d) the reconstructed residual stresses. 
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Fig. 10: Predicted true plastic strain distributions caused by the T0 and T1 shot peening. After Soady et al. 2. 
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Fig. 11: Simulated relaxation of (a) 𝜎𝑥𝑥 and (b) 𝜎𝑦𝑦 in the T0 plain sample, (c) 𝜎𝑥𝑥 and (d) 𝜎𝑦𝑦 in the T0 
notched sample after 1 cycle at different load levels in terms of ∆𝜀𝑥𝑥. 
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Fig. 12: Sensitivity analysis results for the T0 plain sample; the effects of the initial (a) (c) residual stress and 
(b) (d) strain hardening profiles when ∆𝜀𝑥𝑥. = 0.42% and 0.55%. 
